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Abstract
Let G be a permutation group on a set Ω such that G has no fixed points in Ω. If, for a
given positive integer m, the cardinalities |Γ g\Γ | is at most m for all g ∈G and Γ ⊆Ω ,
then G is said to have bounded movement m on Ω . When the maximum of |Γ g\Γ | over
all g ∈ G and Γ ⊆ Ω is equal to m, we say G has bounded movement equal to m. We
will show that if G has bounded movement equal to m and p ( 5) is the least odd prime
dividing |G|, then it has at most 2m − (p − 1) nontrivial orbits. Moreover the groups G
attaining the maximum bound will be classified.  2002 Elsevier Science (USA). All rights
reserved.
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1. Introduction
Let G be a permutation group on a set Ω having no fixed points in Ω . If the
cardinalities |Γ g\Γ | are bounded above for all g ∈G and Γ ⊆Ω , then G is said
to have bounded movement and the movement move(G) of G is defined as the
maximum of the cardinalities |Γ g\Γ | over all g ∈ G and Γ ⊆Ω . When this is
the case, we say that G has bounded movement equal to move(G).
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For a group G with bounded movement equal to m, and having no fixed points,
it was proved in [1] that both the number of G-orbits in Ω and |Ω | are finite, with
upper bounds which are linear in m. There have been some researches on groups
with bounded movement, especially on two extreme cases where the groups attain
the maximum size of Ω and the maximal number of orbits. For the first case, it
was proved in [1] that, for a transitive permutation group G on a set Ω having
bounded movement equal to m, if G is not a 2-group, then |Ω | 2mp/(p− 1)
where p is the least odd prime dividing |G| and x denotes the greatest integer
less than or equal to x . Furthermore groups attaining the bound for p = 3 and
p  5 were classified in [2] and [3], and [4], respectively. For the second one, it
was proved in [1] that a group with bounded movement equal to m has at most
2m− 1 orbits. Moreover the groups meeting the bound 2m− 1 were completely
characterized in [5]. Indeed for a group G meeting the bound, it was shown there
that m is a power of 2, and either (i) m = 1, and G is Z3 or S3, or (ii) G is an
elementary abelian of order 2m. In [6] for an odd prime p and a p-group G having
bounded movement m, it was shown that the number of G-orbits is less than or
equal to (2mp− p+ 1)/(p− 1)2 with equality if and only if m= p · (p− 1)/2
for some non-negative integer .
In this paper we will show that, for an intransitive permutation group G on
a set Ω having no fixed points in Ω, if G has bounded movement equal to m
and p ( 5) is the least odd prime dividing |G|, then it has at most 2m− (p− 1)
nontrivial orbits. Moreover the groups G attaining the bound satisfy one of the
following: (a) G := Zp × Zr+12 where |Ω | = p + 2r+2 and m = p−12 + 2r ;
(b) G := (Zp  Z2n) × Zr+12 or G := (Zp  Z2n) × Zr2 where 2n|(p − 1),
|Ω | = p+ 2r+2 and m= p−12 + 2r .
2. Examples and preliminaries
We start with families of groups having bounded movement equal to m and
having p ( 5) as the least odd prime dividing the order of group and exactly
2m− (p − 1) nontrivial orbits. We will see later that these families are the only
examples meeting the bound.
Example 1. For a positive integer r and a prime p  5, let G1 = Zp. Then we
can consider G1 as a permutation group on Ω1 = {1,2, . . . , p}, generated by
a p-cycle (12 · · ·p). On the other hands, G2 := Zr+12 has 2r+1 − 1 subgroups
of index 2, say H1, . . . ,H2r+1−1. For i = 1, . . . ,2r+1 − 1, let Ω2i denote the set
of two cosets of Hi in G2, and set
Ω2 :=
2r+1−1⋃
i=1
Ω2i .
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Then G2 acts faithfully on by right multiplication with 2r+1 − 1 orbits,
Ω21, . . . ,Ω22r+1−1, each of length 2. Thus G2 has bounded movement equal to
2r and 2r+1−1 nontrivial orbits in Ω2 (see [5]). Now we consider a productG :=
G1×G2 as a permutation on Ω which is the disjoint union of Ω1 and Ω2, and G1
and G2 act trivially on Ω2 and Ω1, respectively. Then G has bounded movement
equal to m= p−12 + 2r and (2r+1 − 1)+ 1= 2m− (p− 1) nontrivial orbits in Ω .
Example 2. Let r , p, G2 and Ω2 be the same meanings as Example 1. Suppose
that a permutation group G1 on Ω1 of length p is a Frobenius group with
complement Z2n = 〈u〉 and kernel Zp where 2n|(p− 1). Then G :=G1 ×G2 is a
permutation group on Ω :=Ω1 ∪Ω2 (as in Example 1) with bounded movement
m= p−12 + 2r and 2m− (p− 1) nontrivial orbits in Ω. We note that
G1 ×G2 =
(
Zp  〈u〉
)×G2
= Zp 
(〈u〉 ×G2) where G2 acts on Zp trivially
= Zp 
(〈u〉 × 〈g〉Zr2) where G2 = 〈g〉Zr2 for g ∈G2.
We then have a subgroup Zp  (〈ug〉Zr2) of G1 ×G2, which is a permutation
group meeting the bound. As we will see in the proof of Theorem 2, these groups
are isomorphic to (Zp Z2n)×Zr2.
For the rest of the paper, G is a permutation group on a set Ω having no
fixed points in Ω. For g ∈ G we denote by fix(g) = {α ∈ Ω | g(α) = α} and
supp(g) = {α ∈Ω | g(α) = α} the set of fixed points of g and the support of g,
respectively. We suppose that g ( = 1) in G has t nontrivial cycles of lengths
l1, . . . , lt in its disjoint cycle representation as
g = (a11a12 · · ·a1l1)(a21a22 · · ·a2l2) · · · (at1at2 · · ·atlt ).
Then we denote by Γ (g) a subset of Ω consisting of every second point of each
of the nontrivial cycles of g, that is
Γ (g)= {a12, a14, . . . , a22, a24, . . . , . . . , at2, at4, . . .}.
We note that Γ (g) depends on the way each cycle is written but |Γ (g)| is
uniquely fixed by g. Moreover | supp(g)| = 2|Γ (g)| + s where s is the number
of nontrivial cycles of odd length in its disjoint cycle representation of g, and
move(G)= maxg∈G |Γ (g)| (see [4]).
Lemma 1. Let G be a permutation group on a set Ω such that G has no fixed
points in Ω and let q be an odd prime. If x is a q-element in G, then for every g
in G there exists an integer t such that∣∣supp(gxt )∩ supp(x)∣∣ (q − 1)|supp(x)|
q
where 0 t  q − 1.
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Proof. Note that if x is a q-element, then fix(x) = fix(xi) for 1  i  q − 1. If
α ∈ fix(gxi) ∩ fix(gxj ) for 0 i < j  q − 1 and g ∈G, then gxi(α)= gxj (α)
and so xj−i (α) = α and α ∈ fix(xj−i ) = fix(x). Thus fix(gxi) ∩ supp(x) and
fix(gxj )∩ supp(x) are disjoint for i = j . This means that
q−1∑
i=0
∣∣fix(gxi)∩ supp(x)∣∣ ∣∣supp(x)∣∣.
Thus there exists an integer t such that
∣∣fix(gxt)∩ supp(x)∣∣ |supp(x)|
q
and
∣∣supp(gxt)∩ supp(x)∣∣ ∣∣supp(x)∣∣− |supp(x)|
q
= (q − 1)|supp(x)|
q
. ✷
Lemma 2. Let q1, . . . , qk and p be positive integers and qi  p for each qi . Then
k∑
i=1
(qi − 1) p− 1
p
k∑
i=1
qi
holds.
Proof. We just note that
p
k∑
i=1
qi −
k∑
i=1
qi  p
k∑
i=1
qi − kp for qi  p > 0.
Equivalently
(p− 1)
p
k∑
i=1
qi 
k∑
i=1
qi − k =
k∑
i=1
(qi − 1). ✷
In the following corollaries, G is a permutation group on a set Ω such that G
has no fixed points in Ω , q is an odd prime dividing the order of G, Q is a Sylow
q-subgroup of G, and ∆ denotes a union of G-orbits. For ∆ and g ∈G, we write
∆′ =Ω\∆ and Γ∆(g)= Γ (g)∩∆.
Corollary 1. Let p ( 5) be the least odd prime dividing |G| and x a q-element
in Q with |Γ (x)| =mq . Then for each g in G, there exists an integer t such that
|Γ∆(gxt )| mq2  + 1 where 0 t  q − 1 and x denotes the greatest integer
less than or equal to x .
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Proof. Note that supp(x)= 2mq + s where s is the number of nontrivial cycles
of x in its disjoint cycle representation. By Lemma 1, for g in G, there exists an
integer t such that∣∣supp(gxt )∩ supp(x)∣∣ (q − 1)|supp(x)|
q
where 0  t  q − 1. Let ∆ denote the union of the G-orbits on which Q acts
nontrivially. For a disjoint cycle representation of gxt , we write
gxt = c1c2 · · ·cαd1 · · ·dβe1 · · ·eγ
where all the points appearing in cycles ci of even lengths and di of odd lengths
lie in ∆ and all the points appearing in cycles ei lie in ∆′. Hence
∣∣Γ∆(gxt )∣∣= α∑
i=1
|ci |
2
+
β∑
i=1
|di | − 1
2
.
Since p is the least odd prime dividing |G|, we have |di|  p for all di . By
Lemmas 2 and 1,
∣∣Γ∆(gxt )∣∣  α∑
i=1
|ci |
2
+ p− 1
2p
β∑
i=1
|di| p− 12p
α∑
i=1
|ci | + p− 12p
β∑
i=1
|di |
= p− 1
2p
(
α∑
i=1
|ci | +
β∑
i=1
|di|
)
= p− 1
2p
∣∣supp(gxt )∩∆∣∣
 p− 1
2
· 1
p
∣∣supp(gxt )∩ supp(x)∣∣
 p− 1
2
· 1
p
{
(q − 1)(2mq + s)
q
}
 4
2
· 1
5
· 4
5
(2mq + s)= mq2 +
(
7mq
50
+ 8s
25
)
.
Since 7mq50 + 8s25 > 12 , we have |Γ∆(gxt )| mq2 + 1. ✷
Corollary 2. Let p ( 5) be the least odd prime dividing |G| and let x be a q-
cycle in Q. Then for each g in G, there exists an integer t satisfying |Γ∆(gxt )|
 (p−1)(q−1)2p  where 0 t  q − 1. In particular if p = q, then |Γ∆(gxt )| p−12 .
Proof. Since x is a q-cycle, | supp(x)| = q. By Lemma 1, for g in G, there exists
an integer t such that∣∣supp(gxt )∩ supp(x)∣∣  (q − 1)|supp(x)|
q
= q − 1,
where 0 t  q − 1.
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By the same argument in the proof of Corollary 1, we have
∣∣Γ∆(gxt)∣∣ q − 1
p
p− 1
2
.
In particular, if p = q, then
∣∣Γ∆(gxt)∣∣ (p− 1)22p = p− 12 − p− 12p
and so∣∣Γ∆(gxt)∣∣ p− 12 . ✷
3. Theorems and proofs
In [6] for an odd prime p and a p-group G having bounded movement
equal to m, it was shown that the number of G-orbits is less than or equal to
(2mp − p + 1)/(p − 1)2 with equality if and only if m = p · (p − 1)/2 for
some non-negative integer . This result is used to prove the following main
theorems.
Theorem 1. Let G be an intransitive permutation group on a set Ω such that G
has no fixed points in Ω . If G has bounded movement m and p ( 3) is the
least odd prime dividing the order of G, then the number of G-orbits is at most
2m− (p− 1).
Proof. We first assume p = 3. From the characterizations of groups having
bounded movement equal to m, and having 2m− 1 orbits (see [5]), we see that
an intransitive permutation group G can have at most 2m − 2 nontrivial orbits.
Indeed G can have 2m − 2 nontrivial orbits as we see Examples 1 and 2. We
now assume p  5. Suppose that we have a counterexample against Theorem 1,
that is, there exists an intransitive permutation group G with t orbits in Ω and
t > 2m− (p− 1). Let q be an odd prime dividing the order of G and Q a Sylow
q-subgroup of G. If Q acts nontrivially on t G-orbits, then we have
2m− (p− 1) < t  (2qmq − q + 1)/(q − 1)2
where mq is the bounded movement of Q and mq m. Since G is intransitive, G
has at least 2 orbits and so Q acts on at least two G-orbits. Thus Q has an element
which has at least two disjoint cycles of lengths q in its cycle representation and
so mq  q − 1. Now the above inequality implies
2m− (p− 1) < 2qm− q + 1
(q − 1)2 for mmq.
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Equivalently,
2m
(
(q − 1)2 − q)< (p− 1)(q − 1)2 − q + 1.
Since mq  q − 1, we have
2(q − 1)((q − 1)2 − q)< (p− 1)(q − 1)2 − q + 1 and so
(q − 1)((q − 1)(q −p)+ q2 − 4q + 2)< 0,
which is impossible for q  p and q  5. We now assume that Q acts nontrivially
on  G-orbits, Ω1,Ω2, . . . ,Ω and  < t . Let
∆=
⋃
i=1
Ωi
and K the pointwise stabilizer of ∆′. Then Q  K  G. Moreover G/K has
no element of order q and acts faithfully on ∆′ :=Ω\∆. We denote by mq and
m′q the bounded movement of Q on ∆ and bounded movement of G/K on ∆′,
respectively. Then mq = |Γ (x)| = |Γ∆(x)| for some x ∈Q. By Corollary 1, for
each g ∈G, there exists i such that
∣∣Γ∆(gxi)∣∣
⌊
mq
2
⌋
+ 1.
Since G has bounded movement equal to m, for every element g in G
m
∣∣Γ (gxi)∣∣= ∣∣Γ∆(gxi)∣∣+ ∣∣Γ∆′(gxi)∣∣= ∣∣Γ∆(gxi)∣∣+ ∣∣Γ∆′(g)∣∣.
Thus ∣∣Γ∆′(g)∣∣m−
(⌊
mq
2
⌋
+ 1
)
for every g in G. Therefore G/K has bounded movement
m′q m−
(⌊
mq
2
⌋
+ 1
)
on ∆′ and so has at most
2
(
m−
⌊
mq
2
⌋
− 1
)
− 1
nontrivial orbits. On the other hand Q is a q-group and so has at most (2qmq −
q + 1)/(q − 1)2 nontrivial orbits on ∆. Thus we have the following inequality;
2m− (p− 1) < t  + (2m′q − 1)
 (2qmq − q + 1)/(q − 1)2 + 2m−mq − 3.
From the first and fourth terms, we have
P.S. Kim, Y. Kim / Journal of Algebra 252 (2002) 74–83 81
−(p− 1) < (2qmq − q + 1)/(q − 1)2 −mq − 3.
Simplifying the above inequality, we have
mq
(
q2 − 4q + 1)< (p− 1)(q − 1)2 + 5q − 2− 3q2.
Since q  5, (q − 1)2 − 2q > 0. Hence
mq <
(p− 1)(q − 1)2 + 5q − 2− 3q2
(q2 − 4q + 1) = (p− 1)+
2pq + 3q − 3q2 − 2
(q − 1)2 − 2q .
We note that 2pq + 3q − 3q2 − 2−q2 + 3q − 2 < 0. Thus
mq < p− 1,
which holds only if x is a q-cycle. For if x is not a q-cycle, then mq  q−12 · 2 =
q − 1. This means that every element of Q is a q-cycle and so Q acts on
only one G-orbit nontrivially. Moreover for each g ∈G, there exists i such that
|Γ∆(gxi)| (p− 1)(q − 1)/2p. By the same argument above we have
2m− (p− 1) < 1+ 2{m− ⌊(p− 1)(q − 1)/2p⌋}− 1,
 2m− ⌊(p− 1)2/2⌋= 2m− (p− 1),
which is not possible.
If q > p, then
2m− (p− 1) < 1+ 2{m− ⌊(p− 1)(p+ 2− 1)/2p⌋}− 1.
Equivalently,
2m− (p− 1) < 2m− 2⌊(p− 1)(p+ 1)/2p⌋ and so
2m− (p− 1) < 2m− 2
⌊
p
2
− 1
2p
⌋
= 2m− (p+ 1),
which is not possible. If p = q , then |Γ∆(gxi)| p−12 by Corollary 2. Thus we
have
2m− (p− 1) < 1+ 2{m− (p− 1)/2}− 1
which is the final contradiction. ✷
In the proof of Theorem 1, we suppose that G has t = 2m − (p − 1) orbits
in Ω . Then we note that the last corresponding inequality:
2m− (p− 1) 1+ 2{m− ⌊(p− 1)(q − 1)/2p⌋}− 1
implies that p = q . That is, p is the only odd prime dividing the order of G. We
have more properties in the following theorem.
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Theorem 2. Let G be an intransitive permutation group on a set Ω such that G
has no fixed points in Ω . Suppose that G has bounded movement equal to m, p
( 5) is the least odd prime dividing the order of G, and G has 2m− (p − 1)
orbits in Ω . Then
(1) p is the only odd prime dividing the order of G;
(2) m is the sum of p−12 and a power of 2;(3) all orbits have length 2 except one orbit, say ∆, of length p;
(4) the permutation group G1 induced by G on ∆ is Zp or a Frobenius group
Zp Z2n for some 2n|p− 1;
(5) the permutation group G2 induced by G on ∆′ is elementary abelian of order
2 = 2m−(p−1), and the pointwise stabilizers of theG2-orbits are precisely
the 2 − 1 distinct subgroups of G2 of index 2;
(6) G is isomorphic to either Zp ×Z2, (Zp Z2n)×Z2, or (Zp Z2n)×Z−12 ,
where 2 = 2m− (p− 1) and 2n | (p− 1).
Proof. (1) is clear. In the proof of Theorem 1, we see that G/K has bounded
movement m− p−12 in ∆′ and has 2m−p nontrivial orbits in ∆′. By referring to
the results in [5] for the case having the maximum bound of orbits, we have the
following facts:
(i) m− p−12 is a power of 2.(ii) The permutation group induced by G/K on ∆′ is an elementary abelian
2-group Z2 of order 2 = 2m− (p− 1).
(iii) The permutation group induced by G/K on ∆′ has 2m−p nontrivial orbits
and each orbit has length 2.
(iv) Each nontrivial element of G/K permutes exactly m − (p − 1)/2 of the
2m− p orbits.
(2) and (5) follow from (i) and (ii), respectively. By (iii) G has only one
orbit which is not of length 2, say ∆ with |∆| = n1. Since every p-element
of G is a p-cycle and is contained in K , K is transitive on ∆. Note that
|K| =∑k∈K |fix(k)| and |G| =∑g∈G |fix(g)|. By (iv) for each g ∈G\K,
m
∣∣Γ (g)∣∣= ∣∣Γ∆(g)∣∣+ ∣∣Γ∆′(g)∣∣= ∣∣Γ∆(g)∣∣+m− p− 12 .
Hence |Γ∆(g)|  p−12 and so |Supp(g) ∩ ∆|  p − 1. Thus |Fix(g) ∩ ∆| 
n1 − (p− 1). Thus
|G| =
∑
g∈G
∣∣fix(g)∣∣=∑
k∈K
∣∣fix(k)∣∣+ ∑
g∈G\K
∣∣fix(g)∣∣
 |K| + |G\K|(n1 − (p− 1)),
which means n1 = p. This gives (3).
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We now prove (4) and (6). If G1 is regular, then G1 and K are Zp. Thus
G  Zp × Z2 where Zp and Z2 acts trivially on ∆′ and ∆, respectively.
Suppose G1 is not regular. Since G1 is of order 2np, it is soluble. Moreover it is a
Frobenius group (see Theorem 11.6 in [7]). Thus G1 = Zp H where Frobenius
complement H is a subgroup of Aut(Zp) ∼= Zp−1. Thus G1 = Zp  Z2n where
2n|p − 1. We let Z2n = 〈y〉 and Zp = 〈x〉, and write G = {xiyjz | z ∈ Z2}.
Note that x lies in G. If y lies in G, then G = (Zp  Z2n) × Z2. If y /∈ G,
y2 lies in G. We then consider a subgroup T = {z ∈ Z2 | z ∈ G} and a subset
S = {z ∈ Z2 | yz ∈G} of Z2. Since the permutation group induced by G/K on ∆′
is an elementary abelian 2-group Z2, we have T ∩ S = ∅ and T ∪ S = Z2. If z′
and z′′ lie in S, then yz′yz′′ ∈ G and so does z′z′′ ∈ G. This means S ⊂ αT for
some α ∈ Z2\T and Z2 = T ∪ αT . Hence
G = {xiy2j+1αt ∣∣ t ∈ T }∪ {xiy2j t ∣∣ t ∈ T }
= {xi(yα)j t ∣∣ t ∈ T }.
Let H = {xi(yα)j }. Then T ∩H = {1} and HT =G. Since T and H are normal
subgroups of G, we have G  H × T . Since H = {xi(yα)j }  Zp  Z2n and
T  Z−12 , we have G (Zp Z2n)×Z−12 . ✷
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